The immersed finite element method based on a uniform Cartesian mesh has been developed for elasticity equations with discontinuous physical parameters across an interface in this paper. The interface does not have to be aligned with the mesh. The main idea is to modify the basis function over those triangles in which the interface cuts through so that the natural interface conditions are satisfied. The standard linear basis functions are used for other triangles. A level set function whose zero level set represent the interface is used. Numerical examples are also presented.
Introduction
In this paper, we develop a finite element method using a uniform Cartesian mesh for a two-phase elasticity system of equations of the form:
∇ · σ + F = 0 in Ω, (1.1) [ u ] = 0 on Γ, (1.2) [ σn ] = 0 on Γ, (1.3) 4) where σ is the stress tensor, F = (F 1 , F 2 ) T : Ω → R 2 is the body force, u = (u 1 , u 2 )
T is the displacement field, Γ is a smooth interface that divides the domain Ω into two parts Ω + and Ω − , n = (n 1 , n 2 ) T is the unit normal vector of the interface Γ, pointing from the − phase to the + phase, and u 0 is a given vector-valued function that represents the displacement on the boundary ∂Ω. Across the interface Γ, the physical parameters such as Young's modulus and Lamé constants have a finite discontinuity. For a function v, We use [v] = v + − v − to denote the jump of v across the interface Γ. The jump condition (1.2) means that u is continuous across the interface.
Multi-phase elasticity problems often arise in materials science, see for example, [12, 15] . We refer the reader to [1, 6, 9, 17] for some applications and the references therein. However, solving such elasticity system is often difficult due to the arbitrary interface and the discontinuities in the coefficients and the gradient of the solution.
There exist several numerical methods for solving general elasticity problems that do not involve interfaces. Among them, the finite element method and the boundary integral or boundary element method appear to be very successful, cf. e.g., [2, 13, 18] and the references therein. However, in treating moving interface problems, the use of fixed Cartesian grids often shows advantages in practical computations [7] . It is therefore desirable to develop new, efficient methods based on fixed Cartesian grids for the elasticity system with an interface.
In [17] , a second order immersed interface method was developed for the elasticity system with an interface based on Cartesian grid. However, due to lack of the maximum principle, the stability of the method is still under investigation, and the linear solver for the finite difference equations may not converge satisfactorily. The goal of this paper is to develop an immersed finite element (IFE) for solving the two-phase elasticity system. The idea using a Cartesian mesh to solve a single elliptic interface problems can be found in [10, 11] . This paper is organized as follows: In Section 2, we derive the weak form of the elasticity system and the outline of the finite element method. In Section 3, we discuss how to constructs the basis functions for non-interface and interface elements. In Section 4, we explain how to use a the level set function to represent the interface. Several numerical examples are given in Section 5.
Derivation of the weak form the elasticity system
In this section, we derive the weak formulation of the elasticity system. We use more general boundary conditions (2.1) and (2.2) which replace (1.4)
where ∂Ω = ∂Ω 1 ∪ ∂Ω 2 . For convenience, we rewrite the strain and stress as vector forms
If we introduce operator A as follows
then the strain-displacement and stress-strain relations can be rewritten as 4) where [ D ] is the elasticity matrix (or constitutive stress-strain matrix), 5) in which λ and µ are Lamé constants. If we let E be the Young's modulus, and ν be the Poisson's ratio, then we have
The equilibrium, constitutive and strain-displacement equations then become
Eliminating σ and ε gives the "displacement" formulations
Equation (2.9) will be used to derive the stiffness matrix.
The variational form
Let us consider the potential energy Π of an elastic body. Π is defined as the sum of the total strain energy (U ) and the work potential (W P ) Π = Strain energy + Work Potential.
For linear elasticity materials, the strain energy per unit volume in the body is 1 2 σ T ε . For a elastic body, the total energy U is given by
The work potential is given by
The total potential for the general elastic body is
By the principle of minimum potential energy (cf. [3, 4, 5, 8, 14] ), we obtain the following "variational form" or "weak form" for two-dimensional stress analysis ( u is an arbitrary displacement field):
The basic finite element equations
We assume the domain Ω is a rectangle, but the interface Γ can be arbitrary. We use a uniform triangulation regardless of the interface Γ. Therefore, the interface generally is not aligned with the edges of the triangulation. We need to find the basis functions for each right triangle of the partition. For each triangle, let { u * } be the vector of the nodal displacements:
The displacements at a point inside the triangle u can be determined in terms of the nodal displacements { u * } and the basis, or shape, functions N :
Strains and stresses can also be determined at nodal displacements:
is called the displacement differentiation matrix, which can be obtained by differentiating displacements expressed through shape functions and nodal displacements. So we can obtain the following equilibrium equations for a finite element:
On each element, we have
[ N ] T t dS.
We need to know the basis function N for each element.
Constructing the basis functions at interface triangles
The triangles in our partition are classified into two categories: the interface triangles if the interface divides the triangle into two subsets, and non-interface triangles otherwise. For non-interface triangles, we use standard linear basis functions. However, for interface triangles, we use an undetermined coefficients method to determine the basis functions by enforcing the natural interface conditions. In the following discussions, we discuss how to construct such piecewise linear basis functions for interface triangular elements.
For a typical interface triangle ∆ABC, let B = (x 1 , y 1 ), C = (x 2 , y 2 ), A = (x 3 , y 3 ) be its vertices. Let D = (x d , y d ) and E = (x e , y e ) be the intersections
of the interface and the edges of the triangle, see the sketch in Figure 1 for an illustration. For convenience, we denote T + the region above the interface, and T − the region below it.
Once the values u, v at vertices A, B, C of the element T are specified, we construct the following piecewise linear function
where
B(x 1 , y 1 ) :
E(x e , y e ) :
By the interface conditions,
[ σn ] = 0 on the interface Γ, where n = n 1 n 2 is the unit normal vector of the interface, which is perpendicular to DE, and σn = σ 11 n 1 + σ 12 n 2 σ 12 n 1 + σ 22 n 2 .
In the component form, we have
where (assuming the plane deformation)
, and
.
If we use [ G ] to represent the coefficient matrix for the equations (3.3) ∼ (3.9), and use X to represent the vector formed by a 1 , a 2 , a 3 ,
3) ∼ (3.9) can be rewritten as a matrix-vector form as follows:
where 
Solving 3.10 gives
In other words, from (3.3) ∼ (3.7), and the interface conditions, we can express
can be expressed as
12)
13)
14) 
where N ij 's (i = 1, 2, j = 1, 2, · · · , 6) are piecewise linear functions, then we have We then can compute the differentiation strain matrix [ B ] for interface elements:
[ B ] Therefore, the local stiffness matrix is
· (the area of the triangle)
which is also a constant and symmetric matrix.
The interface and the level set method
We use the zero level set of a Lipschitz continuous function φ(x, y) to represent the interface Γ. Usually φ(x, y) is chosen as the signed distance function. With the representation of a level set function, it is easy to compute the geometric information that is needed to construct the basis functions. 
where φ i,j+1 = φ(x i , y j+1 ), φ i,j = φ(x i , y j ), φ i+1,j = φ(x i+1 , y j ), and
The above theorem gives all the information that is needed to construct the basis function on an interface triangle. The proof of the theorem is straightforward using the Taylor expansion at the intersections D and E.
Numerical examples
In this section we present three numerical examples. Without loss of generality, the domain Ω is a rectangle [−1, 1] × [−1, 1], and the interface Γ is x 2 + y 2 = 1 4 . In Example 5.1 andExample 5.2, we consider the system with zero body forces and homogeneous jumps conditions for displacements and traction across the interface. So the system is as follows,
Since the analytic solution is not available, we compare the computed solutions obtained from the immersed finite element method with the solutions obtained from the immersed finite difference method developed in [16, 17] for example 5.1 to validate the IFEM method for the elasticity systems with interfaces. The immersed finite difference method developed in [16, 17] have been tested against the exact solution. Example 5.2 is similar to Example 5.1 except very large contrast (large jump ratio) of the physical parameters in which the finite difference method converges slower than the finite element element approach. In the last example Example 5.3, we show a test result with non-zero source terms.
Example 5.1. In this example, the differential equations, interface and boundary conditions are exactly the same as that in Example 2.5.3 in [16] .
The parameters are
.20. Figure 5 and Figure 6 are the mesh and contour plots of the solution (u, v) obtained by the IFEM method described in this paper using a 56 by 56 grid, which generates the system of size 6272 × 6272. From Figure 5 and Figure 6 , we can see they are almost identical to the figures by the finite difference method in Example 2.5.3 in [16] . The finite difference method is a little than the finite element method. We have large jump ratio in the parameters. In this example the finite difference method takes much longer time to converge than the finite element method does. This is because the linear system of equations obtained from the finite element method is symmetric and has better condition number compared with that obtained from the finite difference approach. From these examples, we see that the numerical results obtained from the immersed finite element method agree with the results by the finite difference method in [16, 17] . But the system of linear equations obtained from the fi- nite element method has better condition than that obtained from the finite difference method.
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